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We show that it is in principle possible to construct dualities between commutative and non-
commutative theories in a systematic way. This construction exploits a generalization of the exact
renormalization group equation (ERG). We apply this to the simple case of the Landau problem
and then generalize it to the free and interacting non-canonical scalar field theory. This construc-
tive approach offers the advantage of tracking the implementation of the Lorentz symmetry in the
non-commutative dual theory. In principle, it allows for the construction of completely consis-
tent non-commutative and non-local theories where the Lorentz symmetry and unitarity are still
respected, but may be implemented in a highly non-trivial and non-local manner.
PACS numbers: 11.10.Nx
I. INTRODUCTION
The structure of space-time at short length scales and
the emergence of space-time as we perceive it at long
length scales are probably the most challenging problems
facing modern physics [1]. These issues are also at the
core of the struggle to combine gravity and quantum me-
chanics into a unified theory.
One scenario for space-time at short length scales
that has received considerable attention in the past few
decades is that of non-commutative space-time. This was
originally proposed by Snyder [2] in an attempt to avoid
the ultra-violet infinities of field theories. The discovery
of renormalization pushed these ideas to the background
until more recently when they resurfaced in the search for
a consistent theory of quantum gravity. The compelling
arguments of Doplicher et al [5] highlighted the need for
a revised notion of space-time at short length scales and
gave strong arguments in favour of a non-commutative
geometry. Shortly thereafter it was also noted that non-
commutative coordinates occurred quite naturally in cer-
tain string theories [3], generally perceived to be the best
candidate for a theory of quantum gravity. This sparked
renewed interest in non-commutative space-time and the
formulation of quantum mechanics [4] and quantum field
theories on such spaces [6].
In these formulations the simplest form
[xˆµ, xˆν ] = iθµν (1)
for the space-time commutation relations is normally
adopted, where θµν are constants. Generalizations to
fuzzy- and Snyder-space have been explored in [9–12] and
[13] respectively. The latter offers the possibility of avoid-
ing the breaking of rotational and Lorentz symmetries.
In [7, 8] a slightly different proposal, often referred to
as non-canonical quantum field theory, was made. In
this case non-commutativity is implemented on the level
of the canonical commutation relations of the fields and
momenta, rather than the space-time coordinates as is
conventionally done [6]. This is, indeed, also closer in
spirit to non-commutative quantum mechanics as formu-
lated in [4].
For both the constant space-time commutation rela-
tions of (1) and in non-canonical quantum field theory
the Lorentz symmetry gets violated. In the former case
the Lorentz symmetry can be restored upon twisting [14].
Despite this insight, several outstanding and controver-
sial issues continue to plague the twisted implementa-
tion of the Lorentz symmetry [15]. The first difficulty
is to carry out the standard Noether analysis and iden-
tify conserved charges for the twisted Lorentz symmetry
[15]. Another obstacle is the quantisation of these theo-
ries, where one can either adopt the standard quantisa-
tion procedure or also deform the canonical commutation
relations (see [15] and references therein). On the level
of the functional integral this amounts to altering the
measure. This has rather drastic consequences, such as
the absence of UV/IR mixing. Indeed, in [15] it is ar-
gued that UV/IR mixing may be related to a quantum
anomaly of the Lorentz group, which is very closely re-
lated to the choice of functional integral measure. At
this point there seems to be no consensus between these
different points of view.
In the case of non-canonical quantum field theory a
partial mapping to a commutative theory can restore the
Lorentz invariance. However, this introduces non-local
interactions for interacting theories and it is an open
question whether these theories are unitary and renor-
malisable [16].
In [17] it was argued that the exact renormalization
group (ERG) can be used to construct dualities between
commutative and non-commutative quantum systems.
This construction was carried out explicitly for a num-
ber of cases, particularly the Landau problem. If this can
be generalized to quantum field theories, the advantage
is obvious: Although, as already pointed out above, the
resulting non-commutative quantum field theories may
be non-local and not obviously renormalisable, unitary
or Lorentz invariant, the duality must ensure that these
properties are still present, albeit in a non-manifest way.
This presents the possibility of constructing a wide class
of quantum field theories, describing exactly the same
physics as some standard quantum field theory, but in
terms of non-commuting degrees of freedom. The benefit
2that such dualities may offer are well known, particu-
larly if they can be used to weaken interactions. Indeed,
that this is possible in the quantum Hall system has al-
ready been argued in [18] and is further supported by the
composite fermion picture. An even greater advantage is
to be gained if the duality construction can be carried
out in a systematic way using the ERG, as was already
demonstrated in [17].
This provides the motivation for the present pa-
per, which aims to demonstrate and construct
commutative/non-commutative dualities for field theo-
ries using the ERG program. The focus here is on dual-
ities between commutative and non-canonical quantum
field theories as described in [7, 8, 16]. Indeed, it turns
out that these dualities are straightforward generaliza-
tions of the ones constructed in [17]. The paper is there-
fore organised as follows: Section II explains the basic
ideas, reviews and expands on the duality construction
of [17] for the Landau problem. Section III generalizes
this construction to the case of a free complex scalar field
theory and makes contact with the work done in [7, 8, 16].
Section IV discusses the fate of the Lorentz symmetry un-
der the duality map and finally section V generalizes the
construction to the case of an interacting complex scalar
field theory.
II. COMMUTATIVE/NON-COMMUTATIVE
DUALITIES FOR THE LANDAU PROBLEM
In this section we introduce and review the concepts
we develop in this paper in the simplest possible case of
the Landau problem. The following sections generalize
these ideas to the field theoretic setting.
Our concern for the rest of the paper will be the nor-
malized generating functional from which all the correla-
tion functions of the given theory can be computed. In
the case of a complex scalar field, which is the generic
case considered here, this is given by
Z[J ] =
W [J ]
W [0]
(2)
where
W [J ] =
∫
[dφ¯][dφ]ei[S[φ¯,φ]+J¯φ+Jφ¯]. (3)
Here φ¯ denotes complex conjugation. The action S[φ¯, φ]
is a real functional of the fields and we work in natural
units with h¯ = c = 1.
For a particle of charge −e < 0 moving in a magnetic
field B > 0 in the positive z-direction, and using complex
coordinates z = 1√
2
(x+ iy), the action in the symmetric
gauge is given by
S =
∫ ∞
−∞
dt
[
m
{
˙¯z +
ieB
2m
z¯
}{
z˙ − ieB
2m
z
}
−e
2B2
4m
z¯z
]
. (4)
The corresponding action for the non-commutative
Landau problem was derived in [19, 20]
S =
∫ ∞
−∞
dt
[
1
2
{
˙¯z +
ieB
2m
z¯
}(
1
2m
+
iθ
2
∂t
)−1{
z˙ − ieB
2m
z
}
−e
2B2
4m
z¯z
]
. (5)
Here θ is the non-commutative parameter with the di-
mension of area.
Before proceeding, we consider the quantization of
these theories. For this it is convenient to return to the
phase-space functional integral for which the action in
the commutative case is given by
S =
∫ ∞
−∞
dt
[
π¯
(
z˙ − ieB
2m
z
)
+
(
˙¯z +
ieB
2m
z¯
)
π
− 1
m
π¯π − e
2B2
4m
z¯z
]
(6)
and in the non-commutative case by
S =
∫ ∞
−∞
dt
[
π¯
(
z˙ − ieB
2m
z
)
+
(
˙¯z +
ieB
2m
z¯
)
π
−π¯
(
1
m
+ iθ∂t
)
π − e
2B2
4m
z¯z
]
. (7)
The functional integral is now over π, π¯ and z, z¯.
The simplest way to carry out the quantization is to
follow [21]. For the commutative case this yields the com-
mutation relations
[z, π¯] = [z¯, π] = i, (8)
with all other commutators vanishing. Clearly then the
momenta and coordinates are individually commuting.
Using these commutation relations the Hamiltonian is
found to be
H =
1
m
π¯π +
e2B2
4m
z¯z +
ieB
2m
(π¯z − z¯π)− eB
2m
(9)
where some care with ordering is required to obtain the
correct form for the Zeeman term. We can factorise H
as
H =
1
m
(
π¯ − ieB
2
z¯
)(
π +
ieB
2
z
)
− eB
2m
. (10)
Introducing the boson creation and annihilation opera-
tors
a =
1√
eB
(
π¯ − ieB
2
z¯
)
, a† =
1√
eB
(
π +
ieB
2
z
)
(11)
yields
HC = ωc
(
a†a+
1
2
)
(12)
3where ωc =
eB
m
is the cyclotron frequency. As usual there
is an infinite degeneracy in each Landau level, which
stems from another set of creation and annihilation op-
erators, constructed in terms of the guiding centre coor-
dinates, which commute with H .
Following the same procedure for the non-commutative
case, the corresponding commutation relations are
[z, π¯] = [z¯, π] = i, [z, z¯] = θ, (13)
with all other commutators vanishing. Now the mo-
menta are still commuting, but the coordinates are non-
commuting, as one would have expected. The Hamilto-
nian is still given by (9) and the same factorization as in
(10) applies. Now, however, the creation and annihila-
tion operators are
a =
1√
e|B∗|
(
π¯ − ieB
2
z¯
)
, a† =
1√
e|B∗|
(
π +
ieB
2
z
)
(14)
when the effective magnetic field
B∗ = B
(
1− eBθ
4
)
(15)
is positive. For negative B∗ the definitions of a and a†
are exchanged. The Hamiltonian becomes
HNC = ω
∗
ca
†a+ ω∗c −
ωc
2
, (16)
where ω∗c is the effective cyclotron frequency ω
∗
c =
e|B∗|
m
.
There is again an infinite degeneracy of each Landau
level.
We now turn to the duality between the commutative
and non-commutative theories, i.e we want to establish a
direct relationship between the generating functional (2)
for the commutative action (4) and the non-commutative
action (5). There are two ways in which this can be done.
The first makes use of a non-canonical change of vari-
ables in the functional integral and the second uses the
exact renormalization (ERG) to establish this relation.
Although the former is more transparent and physically
intuitive, the latter allows for a more general constructive
approach to these dualities, which can also be applied to
interacting systems. We therefore demonstrate both ap-
proaches here for benchmarking and maximal clarity.
Let us start with the non-canonical transformation.
We derive a slightly more general duality then just a
commutative/non-commutative one. We introduce the
change of variables
z = Z − iaπ, z¯ = Z¯ + iaπ¯ (17)
in the non-commutative phase-space generating func-
tional integral with action (7). This yields
S =
∫ ∞
−∞
dt
[
π¯
(
Z˙ − ieB˜
2m˜
Z
)
+
(
˙¯Z +
ieB˜
2m˜
Z¯
)
π
−π¯
(
1
m˜
+ iθ˜∂t
)
π − e
2B˜2
4m˜
Z¯Z
+J¯ (Z − iaπ) + (Z¯ + iaπ¯) J] (18)
where
B˜ =
2B
2 + aeB
, m˜ =
4m
(2 + aeB)2
, θ˜ = θ + 2a. (19)
Upon comparison with (7) we immediately recognize this
as another non-commutative system with θ˜ = θ + 2a.
The only difference from the standard non-commutative
generating functional is the coupling between π and the
source J .
We now attempt to eliminate these unwanted cou-
plings. To do this we introduce a further change of vari-
ables by setting
π = π˜ + ia∆−1J, (20)
where we have simplified notation by setting
∆ =
(
1
m˜
+ iθ˜∂t
)
. (21)
Following this change of variables we find that the π-J
couplings can be eliminated in favour of standard renor-
malized source terms and a quadratic source term, pro-
vided we set
a =
1
eB˜
− θ
2
. (22)
This yields
S =
∫ ∞
−∞
dt
[
¯˜π
(
Z˙ − ieB˜
2m˜
Z
)
+
(
˙¯Z +
ieB˜
2m˜
Z¯
)
π˜
−¯˜π
(
1
m˜
+ iθ˜∂t
)
π˜ − e
2B˜2
4m˜
Z¯Z
+
(
1− a
θ˜
)
J¯Z +
(
1− a
θ˜
)
Z¯J
+a2J¯∆−1J
]
. (23)
Equations (19) and (22) can be solved to yield
θ˜ =
4− θeB
eB
B˜ =
2B
4− θeB (24)
m˜ =
4m
(4− θeB)2 a =
2− θeB
eB
(25)
We now have the exact relation between the generating
functionals of two non-commutative theories
Zθ [J ] = e
ia2
∫
∞
−∞
dt[J¯∆−1J]Zθ˜ [κJ ] (26)
with
κ =
2
4− θeB . (27)
In the special case of θ = 0, this gives the
commutative/non-commutative duality
Zc [J ] = e
ia2
∫
∞
−∞
dt[J¯∆−1J]Znc
[
1
2
J
]
(28)
4where the non-commutative theory has non-commutative
parameter θ˜ = 4
eB
.
This establishes a complete duality between the com-
mutative and non-commutative theories. Note that no
zero mass limit or infinite magnetic field limit had to
be taken as is normally done, but that this is an exact
duality.
From (28) we note the following simple rule for the
computation of correlators in the commutative theory in
terms of correlators of the non-commutative theory
δ
δJ
→ δ
δJ
+ ia2∆¯−1J¯ ,
δ
δJ¯
→ δ
δJ¯
+ ia2∆−1J. (29)
This can also be easily inverted to find the correlators of
the non-commutative theory in terms of the commuta-
tive theory. We now have a complete dictionary for the
computation of correlation functions.
The commutative/non-commutative duality that tran-
spired above is in fact much more general as has been
anticipated in [22] and has been discussed in detail for
the Landau problem in [17]. The core idea in the con-
structive approach of [17] is to use the ERG to construct
dual families of non-commutative theories. The key ob-
servation is that the commutative and non-commutative
theories in essence differ in the kinetic energy term, as is
clear from comparing (4) with (5). One can thus take the
point of view, as is done in the ERG approach, that the
kinetic energy term of the commutative theory is mod-
ified in conjunction with the interacting part such that
the normalized generating functional is invariant. The
only difference from the standard ERG approach is that
the restricting assumptions on the modified kinetic en-
ergy term and source terms do not necessarily apply in
this case. This can be addressed easily by a complimen-
tary set of flow equations for the sources term, derived
in [17]. The details of this construction for the Landau
problem is discussed in [17], and so we only outline the
basic steps here.
We consider a complex scalar field theory in 0 + 1-
dimensions with Fourier transformed action
S[φ, φ¯] =
∫
dω φ¯(ω)K(ω, ℓ)φ(ω) + SI [φ, φ¯] + Jℓ[φ, φ¯].
(30)
Here K(ω, ℓ) takes the standard form mω2 at ℓ = 0 and
Jℓ[φ, φ¯] is a generalised source term, which is a functional
of the fields, determined by the requirement of invariance
of the generating functional. It will be sufficient to take
this source term to be linear:
Jℓ[φ, φ¯] =
∫
dω [J0(l) + J¯0(l) + J1(l)φ¯(ω) + J¯1(l)φ(ω)].
.(31)
Here J0(0) = J¯0(0) = 0 and J1(0) is an arbitrary function
of ω that acts as the source in the bare (ℓ = 0) action.
In what follows we denote the first term in eq.(30) by
S0[φ, φ¯] and refer to the second term SI [φ, φ¯] as the in-
teracting part of the action. Both are functions of the
flow parameter ℓ.
We now apply the logic of the ERG as set out in [23]
and [24], and require Z[J ] = W [J ]/W [0] to be invari-
ant under the flow, i.e. independent of ℓ. However, we
relax the usual conditions imposed on K(ω, ℓ) and the
sources, and this necessitates the flow of the source terms
as well. A derivation similar to the one carried out in [24]
yields the following equations for the interacting part and
source terms:
∂ℓSI =
∫
dω ∂ℓK
−1
{
δSI
δφ¯(ω)
δSI
δφ(ω)
− δ
2SI
δφ¯(ω)δφ(ω)
}
(32)
∂ℓJℓ =
∫
dω ∂ℓK
−1
{
δSI
δφ(ω)
δJℓ
δφ¯(ω)
+
δSI
δφ¯(ω)
δJℓ
δφ(ω)
+
δJℓ
δφ¯(ω)
δJℓ
δφ(ω)
− δ
2Jℓ
δφ¯(ω)δφ(ω)
}
. (33)
These equations can easily be solved when the interac-
tion term is quadratic in the fields, i.e.
SI [φ, φ¯] =
∫
dω φ¯(ω)g(ω, ℓ)φ(ω) (34)
with g(ω, ℓ) real. Focussing on the source terms for the
moment and using eqs.(33) and (31) yields
∂ℓJ1(ℓ) = ∂ℓK
−1(ω, ℓ)g(ω, ℓ)J1(ℓ),
∂ℓ[J0(ℓ) + J¯0(ℓ)] = ∂ℓK
−1(ω, ℓ)|J1(ℓ)|2. (35)
Integrating these equations and using the initial condi-
tions on the sources, we obtain
J1(ℓ) = J1(0) exp
(∫ ℓ
0
dℓ′ g(ω, ℓ′)∂ℓ′K−1(ω, ℓ′)
)
,
J0(ℓ) + J¯0(ℓ) = |J1(0)|2
∫ ℓ
0
dℓ′ ∂ℓ′K−1(ω, ℓ′)
× exp
(
2
∫ ℓ′
0
dℓ′′ g(ω, ℓ′′)∂ℓ′′K−1(ω, ℓ′′)
)
.
(36)
We now apply this result to the Landau problem (4),
for which the Fourier transformed action reads
S =
∫
dω [z¯(ω)mω2z(ω)− eBωz¯(ω)z(ω)
+J(ω)z¯(ω) + J¯(ω)z(ω)]. (37)
Motivated by the form of the action for the non-
commutative Landau problem we take
K(ω, ℓ) =
mω2
(1−mωℓ) , (38)
5and the interacting part of the action as in (34) with
initial condition
g(ω, ℓ)|ℓ=0 = −eBω. (39)
This yields the dual action [17]
S =
∫
dω
[
¯˜z(ω)K(ω, ℓ)z˜(ω)− eBω
(1−mωℓ)
¯˜z(ω)z˜(ω)
− |J1(0)|
2ℓ
ω(1− eBℓ) +
(
J1(0)√
1− eBℓ
¯˜z(ω) + c.c.
)]
. (40)
where
z˜(ω) =
√
2
1− eBℓz(ω). (41)
We recognise this as the action of a non-commutative
Landau problem with θ = ℓ and a magnetic field B∗
determined by
B = B∗
(
1− eB
∗ℓ
4
)
. (42)
One therefore again obtains a duality similar in form
to (28), and thus (40) represents a family of dual non-
commutative theories. This duality should be interpreted
as follows: For every commutative system with mag-
netic field B there is a corresponding family of non-
commutative systems with non-commutative parameter
θ = ℓ and magnetic field B∗. Using these values of the
non-commutative parameter and magnetic field in the
excitation energy (15) indeed yields the commutative cy-
clotron frequency ωc =
eB
m
as is required by the duality.
One can also verify by explicit computation that the gen-
erating functionals are indeed identical. It should also be
noted that the duality is not unique, but can parameter-
ized in many different ways as explained in [25].
III. COMMUTATIVE/NON-COMMUTATIVE
DUALITIES FOR A FREE COMPLEX SCALAR
FIELD THEORY
We now proceed to apply the ideas of the previous
section to construct dualities between commutative and
non-commutative complex scalar field theories, where the
non-commutative theory is a non-canonical field theory
as described in [7, 8, 16].
We start with the free non-canonical complex scalar
field theory for which the fields satisfy the equal time
commutation relations[
φˆ(x), φˆ†(y)
]
= θδ(x − y)[
φˆ(x), Πˆ†(y)
]
=
[
φˆ†(x), Πˆ(y)
]
= iδ(x− y) (43)
with all other commutators vanishing. In [16] the corre-
sponding action is derived and found to be
S =
∫
d4x φ¯(t, ~x)
( −∂2t
1 + iθ∂t − iǫ +
~∇2 −m2
)
φ(t, ~x).
(44)
As a consistency check, we quantize this theory to ver-
ify that the commutation relations (43) are indeed re-
produced. Introducing auxiliary fields χ and χ¯ we can
rewrite the action as
S =
∫
d4x
[
χ¯ (1 + iθ∂t − iǫ)χ+ χ¯∂tφ+ χ∂tφ¯
+φ¯(~∇2 −m2)φ
]
. (45)
The epsilon term ensures the convergence of the above
integral, but hereafter we drop it. We follow the Faddeev-
Jackiw method [21] to quantize the system. We denote
ξi = {φ, φ¯, χ, χ¯} (46)
and write the Lagrangian as∫
d3x
[
1
2
ξiωij∂tξ
j − V (ξ)
]
(47)
with
ωij =


0 0 0 −1
0 0 −1 0
0 1 0 iθ
1 0 −iθ 0

 . (48)
Following [21] the commutation relations (43) are indeed
recovered from the entries of iωij with ωij the inverse of
ωij . The Hamiltonian has the form
H = V (ξ) =
∫
d3x
[
χˆ†χˆ− φˆ†(~∇2 −m2)φˆ
]
. (49)
The auxiliary fields are constrained to the conjugate mo-
menta, yielding the final Hamiltonian
H =
∫
d3x Πˆ†Πˆ + ~∇φˆ† ~∇φˆ+m2φˆ†φˆ (50)
which can be second quantized in the standard way [16].
Our aim now is to construct a duality between the
free commutative complex scalar theory and the non-
canonical complex scalar theory above. To do this we
follow closely the ERG procedure described in section II.
As mentioned earlier, the key idea is to modify the kinetic
energy term in conjunction with the interaction, while
leaving the normalized generating functional unchanged.
In this case we want to map to the non-canonical com-
plex scalar field theory, and so we modify the kinetic
energy of the commutative theory to match that of the
non-canonical theory. In Fourier space (44) reads
S =
∫
d4k φ¯(k0, ~k)
( (
k0
)2
1− θk0 −
(
~k2 +m2
))
φ(k0, ~k),
(51)
which amounts to the modification
(k0)2 → K(θ) = (k
0)2
1− θk0 . (52)
6Solving the ERG as in [22], the remaining quadratic term
must flow as
−
(
~k2 +m2
)
→ g(θ) =
k0
(
~k2 +m2
)
θ(~k2 +m2)− k0
. (53)
The source term becomes
J1(0)→ J1(θ) = k
0J1(0)
k0 − θ(~k2 +m2)
(54)
with an additional quadratic term
J0(θ) = − θ|J1(0)|
2
k0 − θ(~k2 +m2)
. (55)
The full action with source terms is therefore
Sθ =
∫
d4k
[
φ¯Kφ+ φ¯gφ+ J [φ, φ¯]
]
. (56)
This action is not quite that of the non-commutative,
non-canonical system. However, it can easily be brought
into the desired form with an additional momentum de-
pendent rescaling of the fields:
φ(k0, ~k)→
√
K(θ) + g(0)
K(θ) + g(θ)
φ(k0, ~k). (57)
This of course also modifies the sources. Now we have
again a complete duality between the commutative and
non-canonical field theories in the sense of a precise re-
lation between generating functionals just like in section
II.
As explained in [17] and [25] this result can also be
interpreted as a blocking procedure. To see this, recall
that it is possible to interpret the renormalization flow
as a change of variables in the path integral. Bar the
source terms this is in our case a rather simple change
of variables involving a momentum dependent scaling of
the commutative fields:
φ0(k
0, ~k) =
√
K(θ) + g(θ)
K(0) + g(0)
φθ(k
0, ~k). (58)
This immediately yields the non-commutative action
with modified sources, which encode the dictionary be-
tween the two descriptions. Note that in position space
the momentum dependent rescaling above is highly non-
local and corresponds to a coarse graining as described in
[25]. In the interacting case, this becomes a much more
complicated transformation.
IV. SYMMETRIES
Before we turn to the interacting case, let us briefly
consider the fate of the Lorentz symmetry under the du-
alities constructed via the ERG and corresponding to a
coarse graining as in section III. Clearly, if the two theo-
ries are truly dual, as is ensured by the ERG flow equa-
tions, the symmetry must be present in both, although it
may not be manifest in the dual theory and implemented
in a highly non-trivial way due to the coarse graining not
being manifestly Lorentz covariant. In fact, it should
already be clear from (58) that the Lorentz symmetry
cannot be manifest in the dual theory and must be im-
plemented in a highly non-local manner. We now proceed
to discuss this more generally in the setting of the sim-
plest type of coarse graining that involves a momentum
dependent rescaling of the fields, such as in (58).
To do this, we recall a more general formulation of the
flow equation which also establishes a direct link with
coarse graining [25]:
− ∂θe−Sθ[φ] =
∫
d4k
δ
δφ(k)
(
Ψθ(k)e
−Sθ [φ]
)
, (59)
where Ψθ is a general functional of the fields. If the
action satisfies this flow equation, the normalized gener-
ating functional is again invariant if the sources are also
adjusted appropriately.
Every allowed Ψθ is related to some blocking transfor-
mation (coarse graining) [25]. If we write the blocking
transformation as fθ[φ0] = φ, where φ0 and φ are the
commutative and non-commutative fields, respectively,
then
Ψθ(k)e
−Sθ [φ] =
∫
[dφ0] δ [φ− fθ[φ0]] (∂θfθ[φ0]) e−S0 .
(60)
For the simplest coarse graining which is just multi-
plicative and invertible fθ[φ0](k) = fθ(k)φ0(k), we have
Ψθ(k) = (∂θfθ(k))f
−1
θ (k)φ(k). Then equation (59) gives
a simple equation for the flow of the sources,
∂θJθ = (∂θfθ(k))f
−1
θ (k)Jθ. (61)
The symmetries are implemented differently in the two
theories. If the fields transform as φ0 → φ˜0 under a sym-
metry transformation in the original theory, the transfor-
mation induced in the dual theory is
φ→ φ˜ = fθ(k)φ˜0(k). (62)
Applying this to the Lorentz generators, we find them to
be given in the dual theory by
M ij = ki∂˜kj − kj ∂˜ki (63)
where
∂˜ki = ∂ki −
∂kif(k)
f(k)
. (64)
Note that in real space this corresponds to a highly non-
local implementation of the Lorentz symmetry.
7V. COMMUTATIVE/NON-COMMUTATIVE
DUALITIES FOR AN INTERACTING COMPLEX
SCALAR FIELD THEORY
In this section we consider the construction of
commutative/non-commutative dualities for a φ4 theory
with interaction term
λ
∫ ( 4∏
i=1
d4ki
)
φ¯(k1)φ(k2)φ¯(k3)φ(k4)
×δ(k1 − k2 + k3 − k4). (65)
Interactions of all possible orders in φ can now be
generated during the flow and the individual coupling
strengths and sources flow according to (32) and (33).
We will simplify notation by setting
∂θK
−1(k) = F (k), (66)
g2(θ, λ, k) = F (k)g
2
2(k)− 4
∫
d4p F (p)g4(k, p, k, p),
g4(θ, λ, k
1, k2, k3, k4) =
∑4
i=1 F (k
i)g2(k
i)g4(k
1, k2, k3, k4)− 9 ∫ d4p F (p)g6(k1, k2, p, k3, k4, p) (67)
...
It is not possible to solve these coupled differential equa-
tions simultaneously. We can, however, solve them per-
turbatively in the interaction strength. In orders of λ we
have gn = g
(0)
n +λg
(1)
n +. . .We can see all the interactions
above g4 are of order λ
2 or higher, and due to the initial
conditions, they must vanish when θ goes to zero. We
note that there is no zeroth order term for g4. Solving
the differential equations then produces:
g
(0)
2 (k) =
k0
(
~k2 +m2
)
θ(~k2 +m2)− k0
(68)
g
(1)
2 (k) =
−4cθ(k0)2
(θ(~k2 +m2)− k0)2
(69)
g4(k
1, k2, k3, k4) =
4∏
i=
(k0)i
θ((~ki)2 +m2)− (k0)i
(70)
where
c =
∫
d4p
p0
(~p2 +m2 − p0)2 (71)
is a divergent integral that has to be regularized appro-
priately.
Again the sources flow, but now the source terms are
higher than linear order in the fields. To order λ the
sources have the form J [φ, φ¯] = J (0)[φ, φ¯] + λJ (1)[φ, φ¯],
where
J (0)[φ, φ¯] =
∫
d4k
[
J
(0)
0 (k) + J
(0)
1 (k)φ¯(k) + c.c.
]
(72)
as before and
J (1)[φ, φ¯] =
∫
d4k
[
J
(1)
0 (k) + J
(1)
1 (k)φ¯(k) + c.c.
]
+∫
d4k1d4k2
[
J2(k
1, k2)φ¯(k1)φ¯(k2) + c.c.
]
+∫
d4k1d4k2
[
J˜2(k
1, k2)φ¯(k1)φ(k2)
]
+∫
d4k1d4k2d4k3
[
J3(k
1, k2, k3)φ¯(k1)φ¯(k2)φ(k3) + c.c.
]
(73)
where J˜2 is real. The flow equations are included in ap-
pendix A. In principle it is possible to solve all these
equations, up to some divergences. For example:
J3(k
1, k2, k3) =
3∏
i=1
(k0)i
θ((~ki)2 +m2)− (k0)i
×
ln
(
κ0
θ(~κ2 +m2)− κ0
)
J
(0)
1 (κ)
where
κ = k1 − k2 − k3. (74)
Finally, rescaling the fields as in (57) transforms the
quadratic part of the non-commutative action into the
standard form (44) and thus establishes a complete
duality between the interacting commutative and non-
commutative theories, albeit in a perturbative way. Note
that although the interactions of the non-commutative
theory are highly non-local the duality should ensure, at
least in principle, that both the Lorentz symmetry and
unitarity are maintained. To what extent these dualities
can be useful requires further exploration.
8VI. CONCLUSIONS
The aim of this paper was to demonstrate, at least
in principle, how the ERG philosophy can be used
to construct dualities between commutative and non-
commutative theories. The essence of the construction
lies in noting that non-commutativity amounts to a mod-
ification of the kinetic energy term of the action. From
the ERG point of view, this change can be countered
by an appropriate modification of the interacting part of
the theory, captured by the ERG flow equation, such that
the normalized generating functional remains invariant.
Here no limiting assumptions are made on the sources as
is usually done in the ERG, and this requires the source
terms to also flow.
This construction was demonstrated in the simplest
setting of the Landau problem and then generalized to
free and interacting complex scalar field theories. The
key advantages of this approach are that it provides a
constructive procedure which allows us to trace the im-
plementation of the Lorentz symmetry in the dual theory,
which may not be manifestly Lorentz invariant. Further-
more, it allows for a systematic way of constructing in-
teractions in the dual theory where the apparent lack of
Lorentz symmetry makes it difficult to introduce inter-
actions consistently [16].
The mere existence of such dualities does not nec-
essarily bring an obvious benefit. Further exploration
is required to determine whether this constructive
approach may offer real advantages. Such investigations
may also have to move beyond the idea of purely
commutative/non-commutative dualities.
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Appendix A: Flow of the Sources
As before the flow for the zeroth order in λ sources is
given by
J
(0)
0 (k) = F (k)|J (0)1 (k)|2,
J
(0)
1 (k) = F (k)g
(0)
2 (k)J
(0)
1 (k).
For the higher order terms
J
(1)
0 (k) = F (k)
((
J¯
(1)
1 (k)J
(0)
1 (k) + c.c.
)
+ J˜2(k, k)
)
,
J
(1)
1 (k) = F (k)
(
g
(0)
2 (k)J
(1)
1 (k) + g
(1)
2 (k)J
(0)
1 (k)
)
+∫
d4p F (p)
[
J¯
(0)
1 (p) (J2(p, k) + J2(k, p)) + J
(0)
1 (p)J˜2(k, p) + J3(p, k, p) + J3(k, p, p)
]
,
J˜2(k
1, k2) = 2
2∑
i=1
F (ki)g
(0)
2 (k
i)J˜2(k
1, k2) +
∫
d4p
(
F (p)J
(0)
1 (p)
(
J¯3(k
1, p, k2) + J¯3(p, k
1, k2)
)
+c.c.) ,
J2(k
1, k2) =
2∑
i=1
F (ki)g
(0)
2 (k
i)J2(k
1, k2) +
∫
d4p F (p)J
(0)
1 (p)J3(k
1, k2, p),
J3(k
1, k2, k3) =
3∑
i=1
F (ki)g
(0)
2 (k
i)J3(k
1, k2, k3) + 2
∫
d4p J
(0)
1 (p)g4(k
1, k2, p, k3)δ(k1 − k2 + p− k3). (A1)
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